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Using technology to promote understanding in mathematics

Applying technology in the essential
aspect of mathematics education:
the comprehension of ideas.

Or how the authoring tool

DESCARTES
is used to promote understanding
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Using technology to promote understanding in mathematics

Technology contributes to the improvement of education in many
useful ways. For example, by making large amounts of information
available to the teacher and the learner, or by presenting
interactive exercises with random data that help the student
acquire proficiency in applying formulas or algorithms.

However, the essential aspect of mathematics education is not
acquiring information, or knowing when and how to apply
algorithms, nor even proving theorems by logical reasoning,
but the comprehension of mathematical ideas.
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Using technology to promote understanding in mathematics

Our purpose is to demonstrate how the authoring tool DESCARTES
can promote better understanding of mathematical ideas by
teachers and students.

Plan of the presentation

o First, we justify the claim that understanding math ideas is
the essential aspect of mathematics education.

e Next we describe briefly the authoring tool DESCARTES.
e Then we show some learning experiences with DESCARTES.
e Finally we explain how DESCARTES promotes understanding.
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What is Mathematics?

Formalism, proposed by David Hilbert (1862-1943), was the
dominant philosophy of mathematics during most of the XXth
century, with its emphasis on axioms and proof.

It proved disastrous for education, in the form of what was called
New Math in elementary school and the Bourbaki approach in
higher education. Most of the problems in present day
mathematics education can be traced to those two movements.

In order to liberate math education from such influences need a
more sensible and useful philosophy of mathematics.
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What is Mathematics Really?

The word mathematics comes from the greek MATHEMATA, and
means that which can be understood, and taught, because it is
rational. In most european languages, the word for mathematics
has the same greek root, but in dutch and flemish the word is
WIESKUNDE, the science of certainty. The word proposed by
Simon Stevin (1548-1620) was WIESKUNST, the art of certainty.

Mathematicians that have influenced our philosophy of mathematics.

Simon Stevin, David Hilbert, Felix Klein[3], Kurt Godel, Hans Freudenthal[4], Morris Klein[4], Reuben Hersh[2]
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Understanding is the essence of mathematics education

We know very well that no certain knowledge can be claimed
about the material world. But mathematics deals with mental
objects that have well defined properties and about which certain
knowledge is not only possible, but mandatory (although with
some limitations, according to Godel's incompleteness theorem).

The raison d’étre of mathematics is precisely the certaintinty that
they provide, even though it applies only to abstractions.

Certainty is obtained through understanding, and it is provided only
by reason and by no other type of authority, either human or divine.

José Luis Abreu Leén, Instituto de Matematicas, U.N.A.M. Using technology to promote understanding in mathematics



iHow can certainty be useful if it applies only to abstractions?

In mathematics we build abstract models to represent some
aspects of the real world. When these models are successful, they
help us understand a part of the world, make predictions about it's
behavior and even gain control over it.

Maybe we can't explain why this happens, but it is an undeniable
fact that it happens with considerable frequency.

Such important fact must be learned by every citizen.
It is an essential aspect of the basic culture of humanity.

!Mathematical models are themselves part of reality and can be studied
mathematically. This generates what is known as pure mathematics.
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What mathematics should we teach?

We should never think about what kind of
mathematics a child can learn, but about the ~Hans Freudenthal
kind that can contribute to the development

of her/his human dignity.
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Why do we teach mathematics?

e Mathematics constitutes an important part of our culture.

e Mathematics are extremely useful. Our way of life depends
both on ancient and very recent mathematical ideas.

e Mathematics promotes the use of reason, instead of authority,
trickery or brute force, for solving problems.

Every time we introduce a new set of mathematical ideas to our
students, we should answer these three questions for them and for
ourselves:

e Why and when were these ideas developed?
e How are they used in modern life?

e How can we better understand them?
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What is DESCARTES?

DESCARTES is an authoring tool, designed mainly for high school
teachers of mathematics, to help them:

e understand the mathematical ideas they want to teach, and

e present these ideas in ways that help students understand.

DESCARTES is a programming environment with mathematical
primitive objects: parameters (that can be manipulated by the
student), vectors, matrices, functions, algorithms and boolean
conditions (that can be programmed by the teacher) and spaces,
both 2 and 3 dimensional, where figures and graphs are drawn and
move when the parameters are manipulated by the student.

José Luis Abreu Leén, Instituto de Matematicas, U.N.A.M. Using technology to promote understanding in mathematics



A simple example of how DESCARTES works

The graphs of 2nd degree equations in two variables are conic sections.
Here the student controls 6 parameters: a, b, ¢, d, e, and f, and may
study how the conic section behaves when the parameters are modified.

ux‘2+b321'+(:_v2+dx+ge_v+f=0

w a ﬂo_so\ b ﬂs.m

c %'2.40 | d %‘-2.00 e %‘3.00 f %'-9.00

http://arquimedes.matem.unam.mx/TIME2016/descartes/gral2ndegequ.html

clear
L |
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Examples of mathematical experiences with DESCARTES

In what follows, we will show some examples of didactical units
made with DESCARTES and, at the same time, describe some
interesting experiences in understanding that occurred while they
were being developed.

The example on parabolic motion is the main one we will use for
this purpose, and the only to be analyzed in depth.

However we start with examples developed for the Elementary and
for High Schools, in order to exhibit the breath of applications of
the authoring tool DESCARTES.
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Interactive Learning Units for Elementary School Mathematics

‘Aprende/con LupelyJuan a calcularielltrea/de cualquiertriangulo’

Selecciona un lado como base, traza la altura y calcula el Grea del triimgulo.
Hazlo con los tres lados y también en otros triéngulos.

base x altura
Ly

http://descartes.matem.unam.mx/recursos/Primaria/AprendeMxUNAM /
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Interactive Learning Units for Elementary School Mathematics

o Explora la resta de fracciones con diferentes denominadores. 1) ©
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http://descartes.matem.unam.mx/entregas/AprendeMxUNAM /matematicas.html
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Basic Geometry: Areas of paralelograms and triangles

Area'de un‘triangulo - NGO Matemaéticas,

En un paralelogramo con lados b, b' y alturas respectivas h, h":
b-h=b"h'

El paralelogramo se puede partir y recomponer en un rectangulo de lados b, &y también en
uno de lados &), h'. Asique b"h’= bk . Porlo tanto se puede definir el area del
paralelogramo como b-k donde b es cualquiera de sus lados y % es la altura correspondiente.

m Motivacion Inicio Desarrollo Cierre 'T' m

http://arquimedes.matem.unam.mx/lite/2013/1.1_Un100/-Un_001_AreaDeUnTriangulo/
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Random simulations: Probability

Probabilidad

Extracciones: 200
@ frec. prob.
rojas: 0.365 0.400
verdes: 0.060 0.100
amarillas: 0.360 0.300
0.215 0.200

azules:

frecuencias

probabilidades

http://arquimedes.matem.unam.mx/chile/R3_Probabilidad /
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Random simulations: Population Sampling

ad a: Poblacié estra erre Matematicas,
B
POBLACION | | MUESTRA |
R e R ATEEGT ; Grafico y media de la poblacién| no 4|
Tamafio: 250 Media: 126.0
Desviacion estandar: 2.8 ; §
o
CONFIGURACION DE LA MUESTRA 4 - -
sin sesgo 4| Tamaﬁo: 3 X i ]
) 2
1
; alra altra)
PROPIEDADES DE LA MUESTRA {em) ml (em)
Tamafio: 50 Media: 125.9 115 128 125 131 35 115 120 125] 130 135
B : X - Y
Desviacién estandar: 34 k4 v

P 98 #8d 9 f
I

al ] I

Elige la poblacién, modifica su desviacion estandar y crea muestras de varios tamafios, con y sin sesgo

Desarrollo
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Interactive Lessons for High School Mathematics

o

Célculo Diferencial e Integral: Limites #I Introduccién al Célculo

o

La integral, la derivada y el teorema fundamental del Célculo

La integral

La integral de una funcién f{x ) en un intervalo [ a,b ], se define de manera que corresponda al area
bajo la grafica de la funcién entre los puntos a y b del eje horizontal y se denota por:

b
f fx)dx. Zj:/(s" )x,-x, ,) = 8.661
n=1

a

La definicién formal se hace a través de un limite. P=ez)
Se considera una particion del intervalo [ a,b ] que
consiste de puntos { x,, x,, x,, ... x,, } tales que

a=x,<x,<x,<.. <x,=b. Encada intervalo a b
[x, ,,x,]se escoge unpunto s, .La integral se Sy o T Ty Ey iy
define como el limite de las sumas de los productos N iD
de los valores f{s, ) y las longitudes x,-x, , delos v
intervalos [x, ,, x, ], cuando la particién se hace

cada vez mas fina, es decir, cuando el maximo de las longitudes X, -X, tiende a cero. En simbolos,

b N
| rxax= tim 2 fs,)(x,-%,.,)

||P|| —0n=1

http://descartes.matem.unam.mx/recursos/Bachillerato/DGEE_DGTIC/

José Luis Abreu Leén, Ins Using technology to promote understanding in mathematics


http://descartes.matem.unam.mx/recursos/Bachillerato/DGEE_DGTIC/?tema=15&subtema=0&pagina=0
http://descartes.matem.unam.mx/recursos/Bachillerato/DGEE_DGTIC/?tema=15&subtema=0&pagina=0

Numerical Integration

Sumas inferiores
4
Sumas superiores b
j St X ) dx= 2108663135691
a
Regla del punto medio
Regla del trapezoide / X
' e \
Regla de Simpson /
/ —\\—

3,14159 \

[s=]
<>

NP

o Q

<> 44>
o

~F

—

1.5"sen(1.2"x)"cos(x/3)

http://arquimedes.matem.unam.mx/EJEMPLOS /03_EjemplosParaLicenciatura/03_Integracion_numerica/
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Mathematical Models in Economics

Evolucién del mercado

Precio !
Un mereado tedrico de competencia Modelo del mercad
perfecta es aguel donde el ajuste de
precios y de la produccion se realiza solo
por la interaccion de la oferta v la demaca
=in que ningun agente de los gue intervienen
puedan manipular estos elementos. En este
mercado  tedrico  puede formularse  un
modelo  econdmico  basado  en 103
siguientes postulados:

1) Cuando al precio actual la demanda

supera a la oferta (exceso de demanda) el Py

precio tiende a subir y viceversa, cuanda [a

oferta supera a la demanda (exceso de

oferta) el precio tiende a disminuir. Py

2) Un aumento de precio tiende a aumentar Py

la oferta y disminuir 12 demanda. Y una P2

disminucion de precio disminuye |a oferta y Py R — -

aumenta la demanda - L % Fanidag

3) El precio tiende al nivel en el que la oferta
y la demanda se igualan, tienden al

A Al precio = 0.9095232757
denominado punto de eguilibrio 7

)
Mostrar calculos ‘ x0 ¥° |seoferta= 4906378569149

http://arquimedes.matem.unam.mx/lite/2013/1.1_Un100/_Un_048_LeyOfertaDemanda/
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Autonomous Systems of ODE

T N T R R AN L A A A A AT A A
SIS SSNNANNANNNNLV VWL LSS e
SSSSSSSSNSNNNANNN)N | S S S LS
SSSS S S S S S S S SSNANN\ ) | [ S S
i el i N Y I A A A A
- — = —&—~—~—»-*~*/‘7~ NN\ | [ S
J N I N i A
N\ S S e e e e e e
- //ffﬂa\f\/lj///.’wi———«-—a——_.-
N f\\ky////,,,_._.(__._,_._——
ﬁ/’/‘/‘//’/////r\\\,—rr‘/«——(——d—t—c—«—«_q——q——q——@
PR NP R A A U NN U P P S
RPN NP R RV RV R A N N W N NI N P A Y
a2 2777 TN NN N N N N N N e e
cmr 22727277 T TV NNNN NN NN SN SN e
A AP AV R R VA A A A N R T | W N N N N N N N N N NN
F(x.y) = %//(x"2+y"2)-x G(x.y) = %x/(x"2+y"2)-y
A A A A
T v2,00 ‘ dt 7{0,0050 sep. flechas v35,0 factor :‘v0'15

http://arquimedes.matem.unam.mx/EJEMPLOS /03_EjemplosParaLicenciatura/09_SistemasDinamicos/
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Lotka-Volterra

A A A A
a 4’;' ,2000 b 4'57 ,0100 A 4':1' ,0000 B A'BV ,0065

x| = gx- bx;
& y
dyl_
=== Ax+ Bxy
P e
g, o
A&
]
b
o
pasos: 400
Euler RungeKutta LeapFrog ‘ dt : ,025 T : 5

http://arquimedes.matem.unam.mx/EJEMPLOS /03_EjemplosParaLicenciatura/09_SistemasDinamicos/LotkaVolterra.html

José Luis Abreu Leén, Instituto de Matematicas, U.N.A.M. Using technology to promote understanding in mathematics


http://arquimedes.matem.unam.mx/EJEMPLOS/03_EjemplosParaLicenciatura/09_SistemasDinamicos/LotkaVolterra.html
http://arquimedes.matem.unam.mx/EJEMPLOS/03_EjemplosParaLicenciatura/09_SistemasDinamicos/LotkaVolterra.html

Kepler 2D (Leap-Frog)

A A A

L=2500000 E=-1648,66
DL=3,08% DE=14,46%
DL =0,00% DE =0,00%
DL =0,00% DE =000%

[<»

A A A
Euler [ RungeKutta [ LeapFrog ‘ dT 7’0,20 ‘ np 7{10 ‘ T 7’60

http://arquimedes.matem.unam.mx/EJEMPLOS /03_EjemplosParaLicenciatura/09_SistemasDinamicos/Kepler2D.html
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Parabolic motion

Geometria de'las trayectorias del iro'parabolico

Las trayectorias son
parabolas con directriz
horizontal a |a altura maxima
h y confoco F sobre la
circunferencia de radio h.

v oes proporcional a BF. h
Pulsando <Texto> yF

se puede ver una
demostracion.

Envolvente Construccion Animar Texto
L L

http://arquimedes.matem.unam.mx/EJEMPLOS /03_EjemplosParaLicenciatura/07_ElTiroParabolico/
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Kepler's Laws

niy/lavelocidad

Construccion de la trayectoria dadas la posicion ry la velocidad v

Envolvente Limpiar
| etk et | L~ % |

http://arquimedes.matem.unam.mx/EJEMPLOS /03_EjemplosParaLicenciatura/07_LeyesDeKepler/
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a'planetario 2: Orbita ptica 0 Fisica,

Orbitas elipticas en el espacio

Parametros de Kepler para 6rbitas elipticas

El sistema de coordenadas

Excentricidad: e

Semieje mayor: sm
Afelio: af
Perihelio: pe

Inclinacién: teta

Nodo ascendente: fi

Argumento de periapsis: psi

a

4> (4> (4> (4] 4> (4> 4>
N = =]

A De perfil Plano de la Orbita Orbita Ejes x, z ‘ A
Anomalia verdadera: av

4>
i

Plano de la Ecliptica Periapsis

(&) ™ Wotvacien | inicio Desarrolio Cierre =)

http://arquimedes.matem.unam.mx/lite/2013/1.1_Un100/_Un_054_E|SistemaPlanetario_2/
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Astronomy and Physics: Eclipses in 3D

ISTI =149.2467 ITLI =0.3924 Los eclipses 19 de Noviembre de 2009

L =-0,000000i +-0.020080j +7143 629500k E=1129.785007 Emax-Emin =0.000264

Ciclo de Saros Eclipse SOLAR 2005 Marzo 18 @
Eclipse LUNAR 2005 Septiembre 1
Eclipse LUNAR 2006 Febrero 30
Eclipse SOLAR 2006 Agosto 13
Eclipse SOLAR 2007 Febrero 11
Eclipse LUNAR 2007 Julio 24
Eclipse LUNAR 2008 Encro 23
Eclipse SOLAR 2008 Julio 6
Eclipse SOLAR 2009 Enero 4
Eclipse LUNAR 2009 Junio 17

Inicio i Anim / Pause

http://arquimedes.matem.unam.mx/EJEMPLOS /04_EjemplosParaPosgrado/03_Eclipses3D/
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Group Theory

aleidoscopio'y'la Teoria'de
Reflexion +Traslacion=Paso

05 -0.866 sqri(3)

-0.866 0.5 7

0 0 1
Guamarl Transt | Grupo | Animar
BACB
Ini ||e< -

Matematicas,

Motivacion

Desarrollo

http://arquimedes.matem.unam.mx/lite/2013/1.1_Un100/_Un_040_CaleidoscopioY TeoriaDeGrupos/
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Research: The Red Cell 1

Al 292500 |A=2756 L=31.18
I K = 1271.52

FP 51100

k 51000

M S50

Vvisc 55

N 250

dt 5005
Reniciar

Pausa / Continuar

http://arquimedes.matem.unam.mx/EJEMPLOS /04 _EjemplosParaPosgrado/01_CadenasDeParticulas /01_Globulo_1.html
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Research: The Red Cell 2

Al 12566 Josdpenn
@ Alooo L=59191
KN 26

Flu %0.95

Np %50

dt %0.25

Niter 125

[<)»

Reniciar ‘ Animar ‘

http://arquimedes.matem.unam.mx/EJEMPLOS /04_EjemplosParaPosgrado/01_CadenasDeParticulas /02_Globulo_2.html
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Research: Inscribed Polyhedra in the Sphere

Caras

Triplicar

Generar

Guardar

Caras

http://arquimedes.matem.unam.mx/EJEMPLOS /04_EjemplosParaPosgrado/01_CadenasDeParticulas/
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: Compound Celestial Bodies

mind=-0,18441906 = -0,14090329 < 0,01579557=maxd
K=10,00000000
L=0,13750000

Piee 40, o 400,000010 Animar ‘ impiar

http://arquimedes.matem.unam.mx/EJEMPLOS /04 _EjemplosParaPosgrado/04_Cuerpos_celestes/
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So... how come DESCARTES promotes understanding

e When a teacher develops a didactical unit with DESCARTES,
he/she needs to plan and organize a teaching sequence. This
helps her/him reflect on the subject matter's importance,
usefulness and internal logic, things that should be reflected in
the unit.

e Next, the teacher creates simulations that exhibit some
mathematical ideas. In doing so, she/he may discover possible
misconceptions and has the opportunity to reflect on them
and make the necessary adjustments to deepen her/his
understanding of the subject matter. With some luck, she/he
may also discover new properties that were unknown to
her/him or even to the rest of the world.
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So... how come DESCARTES promotes understanding

e These activities make the teacher feel creative in his job,
proud of her/his work and anxious to present it to her/his
colleagues and students. Naturally she/he will be interested in
discovering if the unit is useful, and in looking out for possible
improvements. This improves the self esteem of the teacher,
which is very beneficial for the educational process.

e During class, while the students are interacting with the unit
in a computer or a tablet, the teacher is free to pay special
attention to those who need individual motivation or
explanations. This, in turn, provides valuable feedback to the
teacher about the didactical units under study.

This is what happened in Spain’'s PROYECTO EDA - DESCARTES
(look at the reported experiences in http://recursostic.educacion.es/eda/web/descartes/descartes_descartes2.html)

and continues to happen in RED EDUCATIVA DIGITAL DESCARTES.
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What can we recommend?

The development and use of interactive didactical units can be
very profitable in mathematics education. However, these points
must not be forgotten:

e |t is necessary to involve the teachers in developing the units.

e Teachers must feel that these units are tools that they own
and they can modify to suit their teaching needs.

e The units must be continuously renewed and improved.
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Webography

® ABREU, J.L., The General 2nd Degree Equation in Two Variables, 2016
http://arquimedes.matem.unam.mx/ TIME2016/descartes/gral2ndegequ.html

® ABREU, J.L., Curriculum Vitae, 2016
http://arquimedes.matem.unam.mx/TIME2016/jlabreu/JLAbreu_CV.pdf

e ABREU, J.L., Anexo al Curriculum Vitae, 2016
http://arquimedes.matem.unam.mx/TIME2016 /jlabreu/JLAbreu_CV_Anexo.pdf

e RED EDUCATIVA DIGITAL DESCARTES http://proyectodescartes.org

Download this presentation from:

http://arquimedes.matem.unam.mx/TIME2016/
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